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Abstract
By calculating certain generalized cohomology theory, lower bounds for the L-S category of quaternionic Stiefel manifolds are
given.
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1. Introduction
We consider the normalized L-S category throughout, that is the L-S category of a space X, cat(X), is the least
number n such that there exists a cover of X by (n + 1) open subsets each of which is contractible in X. Then
cat(pt) = 0.
Let h∗ be a multiplicative cohomology theory. The cup-length of a space X with respect to h∗, denoted by cuph(X),
is the greatest number n such that there exist x1, . . . , xn ∈ h˜∗(X) with x1 · · ·xn = 0. It is well known that the L-S
category is bounded below by the cup-length as
cat(X) cuph(X) (1)
(see, for example, [1]).
Let Xn,k denote the quaternionic Stiefel manifold of orthonormal k-frames in Hn, that is Xn,k = Sp(n)/Sp(n− k).
The purpose of this paper is to give lower bounds for the L-S category of quaternionic Stiefel manifolds Xn,k . We will
employ the same cohomology theory h∗ as which was used by Iwase and Mimura [3] to determine cat(Sp(3)). We
will investigate the Atiyah–Hirzebruch spectral sequence for h∗ and calculate the ring h∗(Xn,n−k). By this calculation
together with (1), we obtain:
Theorem 1.
cat(Xn,n−k)
{
n − k n < 2k + 2,
n − k + 1 n = 2k + 2,2k + 3,
n − k + 2 n > 2k + 3.
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Sp(2) = S3 ∪ e7 ∪ e10, cat(Sp(2)) 3 by definition of the L-S category. By setting (n,n − k) = (2,0) in Theorem 1,
one has cat(Sp(2)) 3. Then we obtain the following result of Schweizer [7].
Corollary 2. cat(Sp(2)) = 3.
By setting n − k = 0 in Theorem 1, one gets the following result of Iwase and Mimura [3].
Corollary 3. cat(Sp(n)) n + 2 for n 4.
Remark 4. Iwase and Mimura [3] determined that cat(Sp(3)) = 5 by a hard homotopy calculation. The readers may
refer to [1] for the L-S category of Lie groups and homogeneous spaces of Lie groups.
2. Cohomology theory h∗
Let Sˆ be the spectrum obtained from the sphere spectrum S by killing πsn(S) for n 3, where πsn(X) denotes the
nth stable homotopy group of a spectrum X. Denote the cohomology theory defined by the spectrum Sˆ, by h∗. This
was introduced by Iwase and Mimura [3] as noted in the previous section. We consider the cohomology theory h∗ in
a somewhat different point of view.
Since Sˆ is a ring spectrum, h∗ is multiplicative. It is obvious by definition that
h∗(pt) ∼= Z[η]/(2η,η3), |η| = −1,
where η corresponds to the Hopf element in πs1(S).
Let X be a finite complex. Recall that the Atiyah–Hirzebruch spectral sequence for h∗(X), denoted by (Er(X), dr),
is the spectral sequence with
E
p,q
2
∼= Hp(X;hq(pt))
converging to h∗(X). We shall investigate the second differential d2. Let bo denote the connective KO-spectrum
and (′Er(X), ′dr) the Atiyah–Hirzebruch spectral sequence for the connective KO-theory of X. The spectrum Sˆ is
constructed also from bo by killing πsn(bo) for n  3. Then there is a map bo → Sˆ which induces an isomorphism
in πsn for 0 n 2. Hence one has a natural isomorphism
E
p,q
2 (X)
∼= ′Ep,q2 (X)
for any p and −2 q  0. Thus, for the above isomorphism, one obtains
d
p,q
2 = ′dp,q2
for any p and −2 q  0. On the other hand, Fujii [2] showed that
′dp,q2 =
{
Sq2π2 q = 0,
Sq2 q = −1,
where π2 is the modulo 2 reduction. Then we obtain:
Lemma 5. The second differential of the Atiyah–Hirzebruch spectral sequence for the cohomology theory h∗ is as
follows:
d
p,q
2 =
⎧⎨
⎩
Sq2π2 q = 0,
Sq2 q = −1,
0 q = 0,−1.
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We first calculate h∗(Xn,k) as an h∗(pt)-module by use of the Atiyah–Hirzebruch spectral sequence. Miller [6]
gave a stable splitting of quaternionic Stiefel manifold Xn,k as
Xn,k 	
s
k∨
q=1
(Gk,q)
Fq ,
where Gl,m and XE denote the quaternionic Grassmaniann Sp(l)/Sp(m)× Sp(l −m) and the Thom space of a vector
bundle E → X respectively. Then, in order to calculate h∗(Xn,k), it is sufficient to consider h∗((Gk,q)Fq ).
It is well known that the integral cohomology of Gl,m is given by
H ∗(Gl,m;Z) = Z[a1, . . . , am, b1, . . . , bl−m]/(c1, . . . , cl),
where ci =∑ij=0 ajbi−j and |ai | = |bi | = 4i. Then, regarding a vector bundle E → Gl,m, it follows from the Thom
isomorphism theorem that, for any x, y ∈ H ∗((Gl,m)E;Z),
|x| − |y| ≡ 0 (4).
Hence, by the degree reason, one can see that the Atiyah–Hirzebruch spectral sequence for h∗((Gl,m)E) collapses at
the E2-term. Therefore we obtain:
Proposition 6. The Atiyah–Hirzebruch spectral sequence for h∗(Xn,k) collapses at the E2-term.
Recall that the integral cohomology of Xn,n−k is given by
H ∗(Xn,n−k;Z) ∼=
∧
(e4k+3, e4k+7, . . . , e4n−1), |ei | = i.
Let (Er(X), dr) be as in the previous section. Then E2(Xn,n−k) is a free h∗(pt)-module and hence, by Proposition 6,
so is E∞(Xn,n−k). Therefore the extension of E∞(Xn,n−k) to h∗(Xn,n−k) is trivial and we obtain:
Proposition 7.
h∗(Xn,n−k) = Δh∗(pt)(x4k+3, x4k+7, . . . , x4n−1), |xi | = i,
where ΔR(a1, a2, . . .) denotes the simple system generated by a1, a2, . . . over a ring R.
Next we determine the ring structure of h∗(Xn,n−k) by use of the projective plane of ΩXn,k . Kono and Kozima [4]
showed that
H∗
(
ΩSp(n);Z)= Z[z′2, z′6, . . . , z′4n−2], |z′i | = i, Sq2∗π2z′4i+2 = π2z′4i ,
where z′4i is inductively defined by z′4i = (z′2i )2 and Sq2∗ denotes the dual of Sq2. Then one has
H∗(ΩXn,n−k;Z) ∼= Z[z4k+2, . . . , z4n−2], Sq2∗π2z4i+2 = π2z4i , (2)
where π∗(z′i ) = zi for the projection π :ΩSp(n) → ΩXn,n−k .
We abbreviately write the element of E2(ΩXn,n−k) corresponding to x ∈ H ∗(ΩXn,n−k;h∗(pt)) by the same sym-
bol x. We also abbreviately write the element of h∗(ΩXn,n−k) coming from y ∈ E2(ΩXn,n−k) by [y]. Then it follows
from Lemma 5 and (2) that:
Proposition 8. The cohomology class [η(z24k+2)∗] ∈ h8k+3(ΩXn,n−k) is zero for n  2k + 2, where z∗ means the
Kronecker dual of z.
Let us recall fundamental facts about projective planes of H-spaces. Let X be an H-space with the multiplication μ.
The projective plane of X, P2X, is defined as the cofibre of the map
θ = Σμ − Σp1 − Σp2 :Σ(X ∧ X) → ΣX,
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the following exact sequence induced from the cofibration Σ(X ∧ X) θ−→ ΣX → P2X:
· · · → h˜∗−2(X) θ∗−→ h˜∗−2(X ∧ X) λ−→ h˜∗(P2X) i−→ h˜∗−1(X) → ·· · . (3)
It is known that the above exact sequence satisfies that if i(a) = x and i(b) = y then λ(x × y) = ab (see [5]).
Now let us consider the projective plane of ΩXn,n−k . The bottom cells of ΣΩXn,n−k , P2ΩXn,n−k and
BΩXn,n−k 	 Xn,n−k are common by the following sequence of inclusions.
S4k+3 ↪→ ΣΩXn,n−k i¯↪→ P2ΩXn,n−k j↪→ BΩXn,n−k 	 Xn,n−k.
Note that the inclusion i¯ induces i : h˜∗(P2ΩXn,n−k) → h˜∗−1(ΩXn,n−k) in the exact sequence (3). Then, by the degree
reason, one can see that
i ◦ j∗(x4k+3) = [z∗4k+2].
Therefore one has
λ
(
η[z∗4k+2] × [z∗4k+2]
)= j∗(ηx24k+3).
If there exists x ∈ h∗(ΩXn,n−k) such that θ∗(x) = η[z∗4k+2] × [z∗4k+2], then x = [η(z24k+2)∗] by the degree reason. It
follows from Proposition 8 that x = 0. Then j∗(ηx24k+3) = 0 and hence
x24k+3 = 0
when n 2k + 2. Thus, by Proposition 7 and the degree reason, we have
x24k+3 = ηx8k+7
when n 2k + 2. Therefore, by considering the projection Xn,l → Xn,m for l > m, we obtain:
Theorem 9. For x4l+3, x8l+7 ∈ h∗(Xn,n−k), we have
x24l+3 =
{
ηx8l+7 n 2l + 2,
0 n < 2l + 2.
4. Proof of Theorem 1
For n < 2k + 2, h∗(Xn,n−k) is an exterior algebra by Theorem 9 and hence one has
cuph(Xn,n−k) = n − k.
For n = 2k + 2,2k + 3, it follows from Theorem 9 that
x34k+3x4k+7 · · ·x8k+3x8k+11 · · ·x4n−1 = ηx4k+3x4k+7 · · ·x4n−1 = 0
and hence we have
cuph(Xn,n−k) n − k + 1.
For n > 2k + 3, by Theorem 9, we have
x34k+3x
2
8k+7x4k+7 · · ·x8k+3x8k+11 · · ·x16k+11x16k+19 · · ·x4n−1 = η2x4k+3x4k+7 · · ·x4n−1 = 0.
Then we obtain
cuph(Xn,n−k) n − k + 2
and (1) completes the proof of Theorem 1.
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